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This paper presents a replacement model with age-dependent failure type based on a
cumulative repair-cost limit policy, whose concept uses the information of all repair costs
to decide whether the system is repaired or replaced. As failures occur, the system experi-
ences one of the two types of failures: a type-I failure (minor), rectiﬁed by a minimal
repair; or a type-II failure (catastrophic) that calls for a replacement. A critical type-I failure
means a minor failure at which the accumulated repair cost exceeds the pre-determined
limit for the ﬁrst time. The system is replaced at the nth type-I failure, or at a critical
type-I failure, or at ﬁrst type-II failure, whichever occurs ﬁrst. The optimal number of min-
imal repairs before replacement which minimizes the mean cost rate is derived and stud-
ied in terms of its existence and uniqueness. Several classical models in maintenance
literature are special cases of our model.
 2012 Elsevier Inc. All rights reserved.1. Introduction
Almost all systems deteriorate with age and usage and are subject to stochastic failures during operation. Furthermore,
consecutive failures or catastrophic breakdowns are dangerous and costly to a system, it becomes great importance to re-
duce operating costs and avoid the risk of a catastrophic breakdown. Therefore, determining an optimal replacement policy
for a system is a major research in reliability literatures.
Barlow and Proschan [1] presented the traditional age-replacement maintenance policy which a system is replaced at a
failure or at age T, whichever occurs ﬁrst. Several extensions of this policy have been investigated, such as [2–8]. Further-
more, Boland and Proschan [9] considered the case of periodic replacement at times kT (k ¼ 1;2; . . .) and minimal repair
if the system fails otherwise. This model has been extended by [10–18], among others. Besides, Makabe and Morimura
[19–21] proposed a replacement model where a system is replaced at the nth failure, and they also discussed the determi-
nation of the optimum policy. This model has been evolved by [3,7,10,17,22–25].
The system restores its functioning condition just prior to failure via a minimal repair. A repair-cost limit policy with min-
imal repair, which prescribe the repair or replace decision depending on one single repair cost, has been ﬁrst discussed by
Drinkwater and Hastings [26]. In such a repair-cost limit policy, if the repair cost exceeds a certain threshold, the system is
replaced rather than repaired. Several extensions of this policy have been investigated in [2,4,5,27–35]. The primary deﬁ-
ciency of the previous repair-cost limit policy is that the repair/replace decision is based simply on the cost of one single
repair, even a system with frequent but not-very-costly failures and consequently high accumulated repair costs will. All rights reserved.
g).
C.-C. Chang et al. / Applied Mathematical Modelling 37 (2013) 308–317 309continue to be repaired rather than replaced. Obviously, making the repair/replace decision based on entire repair-cost his-
tory seems more reasonable. Beichelt [31] presented an improved replacement policy based on the repair-cost rate limit: the
system is replaced as soon as the repair-cost rate exceeds a threshold level. Beichelt [36] further proposed a cumulative re-
pair-cost limit replacement policy which requires the system be replaced as soon as the accumulated maintenance cost CðtÞ
reaches or exceeds a given limit, but CðtÞ was given exogenously and was not based on the repair history.
This paper presents a generalized model for determining the optimal replacement policy based on multiple factors such
as the number of minimal repairs before replacement, and the cumulative repair-cost limit. The decision to repair or replace
a system at minor failures depends on the probability of failure types and the accumulated repair costs. The main charac-
teristic of our model is that the self-cumulative repair-cost viewpoint (entire repair-cost history) is considered. In fact, if
repairable failures occur at random point, then the random repair costs should be accumulated additively to a system.
The accumulated repair costs need not to be given beforehand, but are endogenous through applying information from
the system’s entire repair-cost history. As such the expected value of the total repair cost could be evaluated from the failure
process and the self-cumulative repair-cost. Such a stochastic model generates a cumulative process. The similar aspect
about cumulative damage process was discussed by [37,38].
The rest of the paper is organized as follows: Section 2 presents the model formulation and optimization. Section 3 shows
that several classical maintenance models are special cases of our proposed model. Section 4 develops an algorithm for
determining the optimal policy parameter, and a computational example is provided to demonstrate the use of the algo-
rithm. Section 5 concludes.
2. General model
In the replacement policy, the planned (scheduled) replacement occurs whenever the number of repairable (minor) fail-
ures reaches a threshold value n, and the unplanned replacement occurs at the kth minor failure at which the accumulated
repair cost exceeds the pre-determined limit L or at the ﬁrst catastrophic failure. A replacement cycle of the system is deﬁned
as the time interval between installation and ﬁrst replacement or between two consecutive replacements. In this framework,
replacement cycles constitute a regenerative process. Below is a list of notations used in this paper.
Notations
X time to failure of a new system
f ðÞ; FðÞ probability density function (PDF), cumulative distribution function (CDF) of X
FðÞ survival function (SF) of X; FðÞ ¼ 1 FðÞ
rðtÞ failure (hazard) rate function of X; rðtÞ ¼ f ðtÞ=FðtÞ
KðtÞ cumulative hazard function of X; KðtÞ ¼ R t0 rðxÞdx ¼  ln FðtÞ
pðtÞ Pr{a type-II failure when the system fails at age t}
qðtÞ Pr{a type-I failure when the system fails at age t}; qðtÞ ¼ 1 pðtÞ
Y waiting time until ﬁrst type-II failure
FpðÞ; FpðÞ CDF, SF of Y; FPðÞ ¼ 1 FpðÞ
fN1ðtÞ : t P 0g non-homogeneous Poisson process (NHPP) with intensity function qðtÞrðtÞ
Sj waiting time until the jth type-I failure for j ¼ 1;2;3; . . .; S0 ¼ 0
fSj jY ðÞ, FSj jY ðÞ conditional PDF and CDF of Sj
Wi minimal repair cost due to the ith type-I failure for i ¼ 1;2;3; . . .
gðÞ, GðÞ PDF, CDF of Wi
cw mean cost of Wi; cw ¼ E½Wi
Zj accumulated repair cost until the jth type-I failure for j ¼ 1;2;3; . . .; Zj ¼
Pj
i¼1Wi
GðjÞðzÞ CDF of Zj; the j-fold Stieltjes convolution of the distribution G with itself
n number of minimal repairs before replacement; n > k
L total repair-cost limit
c0 cost of a planned replacement
c1 cost of a critical type-I failure replacement
c2 cost of a type-II failure replacement
Ui length of the ith replacement cycle for i ¼ 1;2; . . .
Vi operational cost over Ui
DðtÞ s-expected cost of the operating system over ½0; t
CðnÞ s-expected cost-rate for an inﬁnite time span; CðnÞ ¼ E½V1=E½U1
n n which minimizes CðnÞ
Additional symbols are deﬁned as needed.
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Suppose that a system has a failure distribution FðtÞwith ﬁnite mean l, density f ðtÞ, and failure rate rðtÞ. Once the system
fails at age t, it experiences two types of failures: a type-I failure (minor failure) with probability qðtÞ is corrected by a min-
imal repair, whereas a type-II failure (catastrophic failure) with probability pðtÞ requires a replacement. We further assume
that the failure rate rðtÞ is continuous, monotone increasing, and remains undisturbed by any minimal repair.
From (12) of Beichelt [39], the survival function of the time Y until ﬁrst type-II failure can be directly obtained byFpðtÞ ¼ PðY > tÞ ¼ e
R t
0
pðxÞrðxÞdx ð1ÞOn the other hand, let N1ðtÞ be the random number of minimal repairs in ð0;minðY ; tÞÞ. Then, the probability of k type-I fail-
ures in ½0; t is derived aspkðtÞ  PðN1ðtÞ ¼ kjY ¼ tÞ ¼ PðN1ðtÞ ¼ kjY > tÞ ¼
e
R t
0
qðxÞrðxÞdx½R t0 qðxÞrðxÞdxk
k!
; ð2Þ(see Beichelt [39], p. 58).
Moreover, the waiting time Sj until the jth type-I failure has the conditional CDFFSj jYðtÞ  PðSj 6 tjY > tÞ ¼ PðN1ðtÞP jjY > tÞ ¼
X1
k¼j
e
R t
0
qðxÞrðxÞdx½R t0 qðxÞrðxÞdxk
k!
¼
X1
k¼j
pkðtÞ; ð3Þand PDFfSj jYðtÞ 
dFSj jY ðtÞ
dt
¼ d
dt
X1
k¼j
e
R t
0
qðxÞrðxÞdx½R t0 qðxÞrðxÞdxk
k!
0
@
1
A ¼ e
R t
0
qðxÞrðxÞdx½R t0 qðxÞrðxÞdxj1
ðj 1Þ! qðtÞrðtÞ ¼ pj1ðtÞqðtÞrðtÞ: ð4ÞSuppose that the minimal repair costsWi are non-negative and independent random variables with identical distribution
GðwÞ ¼ PðWi 6 wÞ (i ¼ 1;2;3; . . .) and a ﬁnite mean cw. Then, the accumulated repair cost Zj ¼
Pj
i¼1Wi has a distribution
functionPðZj 6 zÞ ¼ GðjÞðzÞ ¼ G  G  . . .  GðzÞ
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{j
; j ¼ 1;2;3; . . . ;
1; j ¼ 0;
8><
>: ð5Þwhich is the n-fold Stieltjes convolution of the distribution GðwÞ with itself.
2.2. Replacements
In this replacement model, replacement or minimal repair takes place according to the following scheme.
A planned replacement is carried out at the nth type-I failure with a cost c0, where n is a pre-determined threshold value,
one of major policy parameters. An unplanned replacement due to a type-I failure with a cost c1 is executed at the time of
failure when the accumulated repair cost up to and including this minor failure exceeds a pre-determined limit L (i.e., it can
be regarded as a critical type-I failure replacement). However, if the accumulated repair cost up to and including this minor
failure is less than L and the number of type-I failures since last replacement is less than n, then still a minimal repair is exe-
cuted. In comparison, an unplanned replacement due to a type-II failure with a cost c2 occurs at the time of failure (i.e., it can
be regarded as a type-II failure replacement). In summary, a system is replaced at the nth type-I failure, or at a critical type-I
failure or ﬁrst type-II failure, whichever occurs ﬁrst.
To be more precise, we deﬁne the following three mutually exclusive and exhaustive states between successive replace-
ments. The corresponding probabilities of these three states are also derived.
 State 1. Unplanned replacement due to a critical type-I failure.
This case occurs when a critical type-I failure precedes the planned replacement, and no type-II failure has occurred. The
probability of this replacement state is given byXn1
j¼1
Z 1
0
PðZj1 < L 6 ZjÞFpðtÞfSj jY ðtÞdt ¼
Xn2
j¼0
½GðjÞðLÞ  Gðjþ1ÞðLÞ
Z 1
0
FpðtÞqðtÞrðtÞpjðtÞdt: ð6Þ State 2. Unplanned replacement due to a type-II failure.
This case occurs when a type-II failure precedes the planned replacement, and the accumulated repair cost is less than L.
The probability of this replacement state is given by
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j¼0
Z 1
0
PðN1ðtÞ ¼ jjY > tÞPðZj < LÞdFpðtÞ ¼
Xn1
j¼0
GðjÞðLÞ
Z 1
0
FpðtÞpðtÞrðtÞpjðtÞdt: ð7ÞState 3. Planned replacement at the nth type-I failure.
This case occurs when the planned replacement precedes a type-II failure, and the accumulated repair cost is less than L.
The probability of this replacement state is given byZ 1
0
PðZn1 < LÞFpðtÞfSn jY ðtÞdt ¼ Gðn1ÞðLÞ
Z 1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt: ð8ÞMoreover, we also require the following assumptions:
(1) The system is monitored continuously and failures are detected immediately.
(2) Repairs and replacements are completed instantaneously.
(3) Replacements are made perfectly and do not affect the system characteristics.
(4) Costs for replacement are ordered c2 P c1 > c0.(a) c1 > c0 and c2 > c0 signify that the unplanned replacement costs are greater than the planned replacement cost.
(b) c2 P c1 means that a catastrophic failure is more costly than a minor failure. In other words, c2 includes additional
system restoration costs.2.3. Formulation
For our model, let Ui denote the length of the ith replacement cycle for i ¼ 1;2; . . .; and let Vi denote the operational cost
over the renewal interval Ui. Thus fUi;Vig constitutes a renewal reward process. If DðtÞ denotes the expected cost of oper-
ating the system over the time interval ½0; t, then it is well-known thatlim
t!1
DðtÞ
t
¼ E½V1
E½U1 ð9Þ(see e.g., Ross [40] p. 52). We denote the right-hand side of (9) by CðnÞ.
Let Y1;Y2; . . . be independent copies of Y . According to the previous replacement scheme, the length of ﬁrst replacement
cycle U1 can be expressed asU1 ¼
Sj; if Zj1 < L 6 Zj and Y1 > Sj; j ¼ 1;2; . . . ;n 1;
Y1; if N1ðY1Þ ¼ j; and Zj < L; j ¼ 0;1; . . . ;n 1;
Sn; if Sn 6 Y1 and Zn1 < L;
8>><
>: ð10Þand the expected length of a replacement cycle isE½U1 ¼
Xn1
j¼1
Z 1
0
t  FpðtÞfSj jYðtÞdt  PðZj1 < L 6 ZjÞ þ
Xn1
j¼0
Z 1
0
t  PðN1ðtÞ ¼ jjY > tÞPðZj < LÞdFpðtÞ
þ
Z 1
0
t  FpðtÞfSn jYðtÞdt  PðZn1 < LÞ
¼
Xn1
j¼0
GðjÞðLÞ
Z 1
0
FpðtÞpjðtÞdt: ð11ÞSimilarly, the operating cost over the ﬁrst replacement cycle can be expressed asV1 ¼
c1 þ
Pj1
i¼1
Wi; if Zj1 < L 6 Zj and Y1 > Sj; j ¼ 1;2; . . . ;n 1;
c2 þ
PN1ðY1Þ
i¼1
Wi; if N1ðY1Þ ¼ j; and Zj < L; j ¼ 0;1; . . . ;n 1;
c0 þ
Pn1
i¼1
Wi; if Sn 6 Y1 and Zn1 < L;
8>>>>><
>>>>>:
ð12Þ
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Xn1
j¼1
Z 1
0
FpðtÞ c1 þ E
Xj1
i¼1
Wi
" #( )
fSj jY ðtÞdt  PðZj1 < L 6 ZjÞ
þ
Xn1
j¼0
Z 1
0
PðN1ðtÞ ¼ jjY > tÞ c2 þ E
Xj
i¼1
Wi
" #( )
PðZj < LÞdFpðtÞ
þ
Z 1
0
FpðtÞ c0 þ E
Xn1
i¼1
Wi
" #( )
fSn jYðtÞdt  PðZn1 < LÞ
¼ c1  ðc1  c0ÞGðn1ÞðLÞ
Z 1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt
þ ðc2  c1Þ
Xn1
j¼0
GðjÞðLÞ
Z 1
0
pjðtÞdFpðtÞ þ cw
Xn1
j¼1
GðjÞðLÞ
Z 1
0
FpðtÞqðtÞrðtÞpj1ðtÞdt: ð13ÞTherefore, the long-run expected cost per unit time in operating the system is given byCðnÞ ¼ E½V1
E½U1 : ð14Þ2.4. Optimization
For the inﬁnite-horizon case, we shall attempt to minimize CðnÞ with respect to n under the following assumptions.
A1: rðtÞ is continuous and increasing in t with rð1Þ ¼ limt!1rðtÞ, which is possibly inﬁnity.
A2: GðnÞðzÞ is PF2 (Pólya frequency function of order 2).
Remark 1. It is easily derived that GðnÞðzÞ is non-increasing in n for all z > 0 by using Lemma 3.7 of Barlow and Proschan [41].
Furthermore, GðnÞðzÞ is PF2 if and only if GðnÞðzÞ=Gðn1ÞðzÞ is non-increasing in n for all z > 0 (see Gottlieb [42], p. 749).
We see that the inequalities C(n +1) P C(n) and C(n) < C(n -1) hold if and only ifLðnÞP c1 and 1Lðn 1Þ < c1; ð15Þ
whereLðnÞ ¼
ðc0  c1Þ½GðnÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpnðtÞdt  Gðn1ÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt
n
þðc2  c1ÞGðnÞðLÞ
R1
0 pnðtÞdFpðtÞ þ cwGðnÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdtg
GðnÞðLÞ R10 FpðtÞpnðtÞdt
Pn1
j¼0
GðjÞðLÞ R10 FpðtÞpjðtÞdt  fðc0  c1ÞGðn1ÞðLÞ R10 FpðtÞqðtÞrðtÞpn1ðtÞdt
þðc2  c1Þ
Pn1
j¼0
GðjÞðLÞ R10 pjðtÞdFpðtÞ þ cwPn1
j¼1
GðjÞðLÞ R10 FpðtÞqðtÞrðtÞpj1ðtÞdðtÞg;
n ¼ 1;2;3; . . . ;
0;n ¼ 0:
8>>>>>>>>><
>>>>>>>>>:
ð16ÞFurthermore, Z
Lðnþ 1Þ  LðnÞ ¼
Xn
j¼0
GðjÞðLÞ
1
0
FpðtÞpjðtÞdt

2
666664
ðc0  c1Þ

Gðnþ1ÞðLÞ R10 FpðtÞqðtÞrðtÞpnþ1ðtÞdt  GðnÞðLÞ R10 FpðtÞqðtÞrðtÞpnðtÞdt

þðc2  c1ÞGðnþ1ÞðLÞ
R1
0 pnþ1ðtÞdFpðtÞ þ cwGðnþ1ÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpnðtÞdtg
Gðnþ1ÞðLÞ R10 FpðtÞpnþ1ðtÞdt
ðc0  c1Þ

GðnÞðLÞ R10 FpðtÞqðtÞrðtÞpnðtÞdt  Gðn1ÞðLÞ R10 FpðtÞqðtÞrðtÞpn1ðtÞdt


þðc2  c1ÞGðnÞðLÞ
R1
0 pnðtÞdFpðtÞ þ cwGðnÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt

GðnÞðLÞ R10 FpðtÞpnðtÞdt
3
777775: ð17ÞRemark 2. If we introduce the quantityfðnÞ¼
ðc0c1Þ½GðnÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpnðtÞdtGðn1ÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt
n
þðc2c1ÞGðnÞðLÞ
R1
0 pnðtÞdFpðtÞþcwGðnÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt
o
GðnÞðLÞR10 FpðtÞpnðtÞdt ;
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equivalent tofðnÞP CðnÞ and fðn 1Þ < Cðn 1Þ;
where fðnÞ < CðnÞ is the total expected long-run cost per unit time. The optimal n (i.e. n; minnCðnÞ ¼ CðnÞ) must satisfy the
equivalent condition which indicates that is worthy to increase the preﬁxed number of repair(s) if fðnÞ < CðnÞ.
To derive the main results of our model, the following lemma is needed and its proof is presented in the Appendix.
Lemma 1. Under assumptions A1–A2, the following results are true:
(ii) An 
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt=
R1
0
FpðtÞpnðtÞdt is increasing in n with limn!1An ¼ rð1Þ.
(iii) Bn 
R1
0 pnðtÞdFpðtÞ=
R1
0
FpðtÞpnðtÞdt is increasing in n with limn!1Bn ¼ rð1Þ.
(iiii) Cn 
GðnÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpnðtÞdtGðn1ÞðLÞ
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt
GðnÞðLÞ
R1
0
FpðtÞpnðtÞdt
is decreasing in n with lim
n!1
Cn ¼ rð1Þ.
We seek the optimal number n that minimizes CðnÞ in (14) under certain conditions.
Theorem 1. Under assumptions A1–A2, we have the following result:
If limn!1LðnÞ > c1, then there exists a ﬁnite and unique n that satisﬁesLðnÞP c1andLðn  1Þ < c1; n ¼ 1;2; . . . : ð18Þ
Proof. The inequalities Cðnþ 1ÞP CðnÞ and CðnÞ < Cðn 1Þ imply (18). Further, if the conditions of the theorem are satis-
ﬁed, then from (17) and Lemma 1, we have that LðnÞ is increasing in n andlim
n!1
LðnÞ ¼
X1
j¼0
GðjÞðLÞ
Z 1
0
FpðtÞpjðtÞdt  ðcw þ c2  c0Þrð1Þ  ðc0  c1ÞGð1ÞðLÞ
Z 1
0
FpðtÞqðtÞrðtÞp1ðtÞdt

þ ðc2  c1Þ

X1
j¼0
GðjÞðLÞ
Z 1
0
pjðtÞdFpðtÞ þ cw
X1
j¼1
GðjÞðLÞ
Z 1
0
FpðtÞqðtÞrðtÞpj1ðtÞdðtÞ

:Thus, if limn!1LðnÞ > c1, then there exists a ﬁnite solution of (18). And from the monotonicity of LðnÞ, that solution is
unique. h3. Special cases
If the total repair-cost limit L ¼ 1, so that all type-I failures can be rectiﬁed through minimal repairs, then the cost rate
function in our model becomesCðnÞ ¼ c0 þ ðc2  c0Þ
Pn1
j¼0
R1
0 pjðtÞdFpðtÞ þ cw
Pn1
j¼1
R1
0
FpðtÞqðtÞrðtÞpj1ðtÞdtPn1
j¼0
R1
0
FpðtÞpjðtÞdt
: ð19ÞSome special cases pertaining to our model are summarized as follows.
Case 1. L ¼ 1, pðtÞ ¼ 0, and Wj ¼ c for j ¼ 1;2;3; . . ..
Makabe and Morimura [19–21] considered this case in which only minimal repairs with ﬁxed cost c are performed on
failure before the nth failure, whereas a system is replaced at the nth failure. In this case, if we make L ¼ 1, pðtÞ ¼ 0, and
cw ¼ c in (19), thenCðnÞ ¼ c0 þ ðn 1ÞcPn1
j¼0
R1
0
eKðtÞKðtÞj
j! dt
; n ¼ 1;2;3; . . . ; ð20Þas obtained byMakabe andMorimura [19–21]. Park [32] also considered this case when rðtÞ is a Weibull failure function.Case
2. L ¼ 1, pðtÞ ¼ p, and Wj ¼ c for j ¼ 1;2;3; . . ..
Nakagawa [10] considered this case in which a type-I failure with probability q and is removed by a minimal repair at a
cost c; and a type-II failure with probability p ¼ 1 q and is removed by a replacement. The system is replaced at the times
of the type-II failure or the nth failure, whichever occurs ﬁrst. In this case, if we make L ¼ 1, pðtÞ ¼ p, and cw ¼ c in (19), thenCðnÞ ¼ c0 þ c½ðq q
nÞ=ð1 qÞPn1
j¼0 qj
R1
0
eKðtÞKðtÞj
j! dt
; n ¼ 1;2;3; . . . ;as obtained by Nakagawa [10].
Case 3. L ¼ 1, pðtÞ ¼ p, and Wj ¼ C for j ¼ 1;2;3; . . ..
Table 1
Optimal n⁄ and C(n⁄) based on cumulative repair-cost limit L. c0 ¼ 800; c1 ¼ 1000; c2 ¼ 1300; c1 ¼ 120; L ¼ 500;Wi 	 EXPð1=50Þ; rðtÞ ¼ at;a ¼ 1.
d k q n CðnÞ
1 0 0.9093 7 412.2252
1 0.01 – 7 417.5154
9/11 0 0.8597 7 464.6385
9/11 0.01 – 7 470.6149
7/11 0 0.7829 6 538.3800
7/11 0.01 – 6 544.1168
5/11 0 0.6641 5 638.3939
5/11 0.01 – 4 643.1479
4/11 0 0.5822 4 699.5039
4/11 0.01 – 4 703.4797
3/11 0 0.4803 3 769.5515
3/11 0.01 – 3 772.5925
2/11 0 0.3536 3 848.5397
2/11 0.01 – 3 850.7117
1/11 0 0.1960 2 937.8911
1/11 0.01 – 2 938.9904
Table 2
Optimal n and CðnÞ under the cumulative repair-cost limit L being adopted or not. c0 ¼ 1000; c1 ¼ 0;1300; c2 ¼ 1300; c1 ¼ 950; L ¼ 3000;1;Wi 	
EXPð1=400Þ; rðtÞ ¼ at;a ¼ 2; k ¼ 10.
d L =1 L = 3000
n⁄ C(n⁄) n⁄ C(n⁄)
1 4 1461.8709 4 1431.9583
9/11 4 1463.5118 4 1436.7951
7/11 5 1465.0807 4 1442.1739
5/11 5 1466.5606 5 1448.1909
4/11 5 1467.2608 5 1451.4752
3/11 5 1467.9305 5 1454.9663
2/11 6 1468.5661 5 1458.6841
1/11 6 1469.1638 6 1462.6512
314 C.-C. Chang et al. / Applied Mathematical Modelling 37 (2013) 308–317This is the case considered by Park [23]. Here we consider that C is a truncated random variable with PDF vðxÞ=q for
0 6 x 6 n and q ¼ R n0 vðxÞdx. In this case, if we make L ¼ 1, pðtÞ ¼ p, and cw ¼ E½C ¼ ð1=qÞ R n0 x  vðxÞdx in (19), then we obtain
the following resultCðnÞ ¼ c0 þ E½C½ðq q
nÞ=ð1 qÞPn1
j¼0 qj
R1
0
eKðtÞKðtÞj
j! dt
; n ¼ 1;2;3; . . . ; ð21Þwhich is equivalent to that obtained by Park [23]
4. Numerical example
In this numerical example, we consider a system with a failure rate function of Weibull process is given byrðtÞ ¼ atb1; a > 0; b > 1: ð22Þ
The cumulative hazard function is KðtÞ ¼ R t0 rðuÞdu ¼ ða=bÞtb. We assume that the shape parameter is set at b ¼ 2, and that
rðtÞ ¼ at is an increasing function of t.
Suppose that the random repair cost Wi has an exponential distribution GðÞ and density function gðÞ with mean cw. if
Wi > dðtÞc1, then a replacement upon failure at age t takes place, otherwise one proceeds to a minimal repair, where c1
is the constant cost and dðtÞ ð0 6 dðtÞ 6 1Þ can be interpreted as a fraction of c1 at age t. Here we consider the following para-
metric form of the repair cost limit function dðtÞ ¼ dekt with 0 6 d 6 1 and kP 0. If an operating system fails at age t, it is
either replaced with a new system with probabilitypðtÞ ¼ 1
Z dðtÞc1
0
gðxÞdx; ð23Þor it undergoes minimal repair with probability
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Z dðtÞc1
0
gðxÞdx: ð24ÞIt is noteworthy that when k ! 0 we have dðtÞ ¼ d, so qðtÞ reduces to q.
According to the results above, we present an algorithm that can be used to numerically compute the optimal number n
of minimal repairs before replacement.
Algorithm
Input: c0; c1; c2; cw; c1; L; rðÞ;KðÞ;GðÞ; d; k
Step 1. Make n ¼ 1 and Cð0Þ ¼ 1.
Step 2. Compute FpðtÞ, pkðtÞ as deﬁned by (1) and (2), respectively.
Step 3. Compute Cðn 1Þ, CðnÞ, and Cðnþ 1Þ as deﬁned by (14).
Step 4. If Cðnþ 1ÞP CðnÞ and CðnÞ < Cðn 1Þ, then n ¼ n, CðnÞ ¼ CðnÞ, and go to Output; otherwise, make n ¼ nþ 1 andgo to Step 3.
Output: n;CðnÞ.
Stop.
For the purpose of easy computation, we consider the following cost case:c0 ¼ 800;1000; c1 ¼ 0;1000;1300; c2 ¼ 1300; c1 ¼ 120;950; L ¼ 500;3000;1;
Wi 	 EXPð1=50Þ; EXPð1=400Þ:
The parameters d and kwere varied, to determine their inﬂuence on the optimal solution; the results thereof are provided in
Table 1 and 2.
From the numerical results, we can derive the following remarks:
 From Table 1 and 2, the minimum expected cost per unit time will be reduced, when the probability of minimal repair
(type-I failure) is increased.
 From Table 1, the minimum expected cost per unit time will be reduced, when the probability of minimal repair is age-
dependent and increased at age t.
 From Table 2, the minimum expected cost per unit time will be reduced, when the cumulative repair-cost limit policy is
adopted. That is, it should improve the cost efﬁciency if we use the historical cost information to determine the
replacement.
 It is shown that if the optimal number n of minimal repairs before replacement and the probability of minimal repair are
increased, then the minimum expected cost per unit time CðnÞ will be reduced.
5. Conclusions
In this paper, we analyzed a replacement model with age-dependent failure type based on a cumulative repair-cost limit
policy. We presented the long-run expected cost per unit time in operating the system, incorporating costs due to minimal
repair and different forms of replacement state. Moreover, we derived the existence and uniqueness of the optimal number
of minimal repairs before replacement n, which minimizes the cost rate function under a ﬁxed cumulative repair-cost limit
L, and summarized the structural properties. Various special cases and a numerical example helped us demonstrate the
work.
In some practice situations, it would seemmore practical to consider the concept of imperfect repairs or a multi-unit sys-
tem, for example. Taking these realistic factors into consideration in the proposed policy can serve as one direction for future
research.Acknowledgments
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Integrating by parts, we have
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdt ¼
R1
0
FpðtÞrðtÞpnðtÞdt.
Let
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Z T
0
FpðtÞrðtÞpnþ1ðtÞdt 
Z T
0
FpðtÞpnðtÞdt 
Z T
0
FpðtÞrðtÞpnðtÞdt 
Z T
0
FpðtÞpnþ1ðtÞdt
 
: ðA:1ÞDifferentiating J(T) with respect to T, we getJ0ðTÞ ¼ FpðTÞ 
Z T
0
FpðtÞ½rðTÞ  rðtÞ½pnþ1ðTÞpnðtÞ  pnþ1ðtÞpnðTÞdt > 0;since r(t) is increasing in t, we have J(0) = 0 and J0(T) > 0. Thus, J(T) > 0 for all T > 0. Therefore, Anð¼
R1
0
FpðtÞqðtÞrðtÞ
pn1ðtÞdt=
R1
0
FpðtÞpnðtÞdtÞ is increasing in n.
Next, we show thatlim
n!1
An ¼ lim
n!1
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdtR1
0
FpðtÞpnðtÞdt
¼ rð1Þ: ðA:2ÞEvidently,An ¼
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdtR1
0
FpðtÞpnðtÞdt
¼
R1
0
FpðtÞrðtÞpnðtÞdtR1
0
FpðtÞpnðtÞdt
6 rð1Þ; ðA:3Þfor n ¼ 1;2; . . .. On the other hand, for any T 2 ð0;1Þ, we haveR1
0
FpðtÞrðtÞpnðtÞdtR1
0
FpðtÞpnðtÞdt
¼
R T
0
FpðtÞrðtÞpnðtÞdt þ
R1
T
FpðtÞrðtÞpnðtÞdtR T
0
FpðtÞpnðtÞdt þ
R1
T
FpðtÞpnðtÞdt
P
rðTÞ R1T FpðtÞpnðtÞdtR T
0
FpðtÞpnðtÞdt þ
R1
T
FpðtÞpnðtÞdt
P
rðTÞR T
0
FpðtÞpnðtÞdtR1
T
FpðtÞpnðtÞdt
þ 1
:
ðA:4Þ
Further, for T1 2 ð0; TÞ, the bracket of the denominator isR T
0
FpðtÞpnðtÞdtR1
T
FpðtÞpnðtÞdt
6
R T
0
FpðtÞpnðtÞdtR1
T1
FpðtÞpnðtÞdt
¼
R T
0 e

R t
0
rðxÞdxðR t0 qðtÞrðtÞdtÞndtR1
T1
e
R t
0
rðxÞdxðR t0 qðtÞrðtÞdtÞndt 6
R T
0 e

R t
0
rðxÞdxdtR T1
0
qðtÞrðtÞdtR T
0
qðtÞrðtÞdt
 !n
 R1T1 e
R t
0
rðxÞdxdt
! 0 as n !1:
ðA:5Þ
Thus, from (A.3) to (A.5), we haverð1Þ ¼ lim
n!1
rð1ÞP lim
n!1
R1
0
FpðtÞrðtÞpnðtÞdtR1
0
FpðtÞpnðtÞdt
P rðTÞwhich implies (A.3) because T is arbitrary in (0,1). h
Appendix B. Proofs of Lemma 1-(ii) and (iii)
In Lemma 1-(ii), we getBn ¼
R1
0 pnðtÞdFpðtÞR1
0
FpðtÞpnðtÞdt
¼
R1
0
FpðtÞpðtÞrðtÞpnðtÞdtR1
0
FpðtÞpnðtÞdt
: ðA:6ÞThen, we can also derive the result of Lemma 1-(ii) by a similar method of Lemma 1-(i), although we omit it here.
In Lemma 1-(iii), we getC^n ¼
R1
0
FpðtÞqðtÞrðtÞpnðtÞdt 
R1
0
FpðtÞqðtÞrðtÞpn1ðtÞdtR1
0
FpðtÞpnðtÞdt
¼
R1
0
FpðtÞqðtÞrðtÞpnðtÞdt 
R1
0
FpðtÞrðtÞpnðtÞdtR1
0
FpðtÞpnðtÞdt
¼ 
R1
0
FpðtÞpðtÞrðtÞpnðtÞdtR1
0
FpðtÞpnðtÞdt
: ðA:7ÞFrom Lemma 1-(ii), we can show that C^n is decreasing in n with lim
n!1
C^n ¼ rð1Þ.
If GðnÞðÞ is non-increasing in n and Gðn1ÞðÞ=GðnÞðÞ is non-decreasing in n, then it is easily seen that Cn is decreasing in n
with lim
n!1
Cn ¼ rð1Þ by a similar method of Lemma 1-(i) and the property of C^n. h
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